Recently, generalizations of quantum Hall effects (QHE) have been made from 2D to 4D and 8D by considering their mathematical frameworks within complex (C), quaternion (H) and octonion (O) compact (gauge) Lie algebra domains. Just as QHE in two-dimensional electron gases can be understood in terms of Chern number topological invariants that belong to the first Chern class, QHE in 4D and 8D can be understood in terms of Chern number topological invariants that belong to the 2 nd and 4 th Chern classes. It has been shown that 2D QHE phenomena are related to topologically-ordered ground states of Josephson junction arrays (JJAs), which map onto an Abelian gauge theory with a periodic topological term that describes charge-vortex coupling. In these 2D JJAs, magnetic point defects and Cooper pair electric charges are dual to one another via electric-magnetic duality (Montonen-Olive). This leads to a quantum phase transition between phase-coherent superconductor and dual phase-incoherent superinsulator ground states, at a "self-dual" critical point. In this article, a framework for topological-ordering of Bose-Einstein condensates is extended to consider four-dimensional quaternion ordered systems that are related to 4D QHE. This is accomplished with the incorporation of a non-Abelian topological term that describes coupling between third homotopy group point defects (as generalized magnetic vortices) and Cooper pair-like charges. Point defects belonging to the third homotopy group are dual to charge excitations, and this leads to the manifestation of a quantum phase transition between orientationally-ordered and orientationally-disordered ground states at a "self-dual" critical point. The frustrated ground state in the vicinity of this "self-dual" critical point, are characterized by global topological invariants belonging to the 2 nd Chern class.
I. INTRODUCTION
Different states of matter have different physical properties based on their type and degree of order. In addition to conventional Landau ordered states of matter, obtained by spontaneous symmetry breaking and characterized by local order parameters, topologically-ordered states of matter exist that are described by global topological invariants 1 and that are therefore robust against perturbations. Striking examples of topologically ordered phases are quantum Hall effect (QHE) systems, for which the most notable example occurs in two-dimensional electron gases (2DEGs) at very low temperatures and in a magnetic field. In these 2D QHE systems, precise quantization of Hall conductance has topological origins that can be understood in terms of topological invariants known as the Chern numbers -that belong to the 1 st Chern class. Notably, 2D QHE phenomena also play a major role in understanding the topologicallyordered frustrated ground states of Josephson junction arrays 2,3 (JJAs). Generalizations of QHE from 2D to 4D and 8D have been made by considering the fundamental structures of QHE as given by the division Lie algebras 4, 5 : complex (C), quaternion (H) and octonion (O). These division Lie algebras have the symmetry of compact odd-dimensional spheres: C : U (1) ∼ = S 1 , H : SU (2) ∼ = S 3 and O : SU (3) ∼ = S 7 which characterize the degree of Bose-Einstein condensation in particle systems (with relevant symmetry) below a critical temperature (e.g., superfluidity Bose-Einstein condensates are characterized by a complex order parameter). Alternatively, the higher-dimensional division algebras with the group structure SU (n + 1) can be represented by a) Electronic mail: caroling@cmu.edu b) Electronic mail: laughlin@cmu.edu m−dimensional (m = 2n) complex projective spaces C m : SU (2) : H ∼ = C 2 and SU (3) : O ∼ = C 4 . Just as QHE in 2DEGs are understood using 1 st Chern class topological invariants, QHE in systems of particles with SU (n + 1) symmetry occur in 2m-dimensions and are understood by Chern topological invariants that belong to the m th Chern class. Figure 1 summarizes these statements.
In this article, in particular, 4D QHE phenomena in systems of particles with SU (2) symmetry are discussed. Such higher-dimensional 4D QHE systems, associated with the 2 nd Chern class, have been considered theoretically [4] [5] [6] and have recently been observed in thin-film superlattices that act as two interacting 2D QHE topological charge pumps (Ref. 1) such that the 4D QHE may be described using two coupled T 2 surfaces (instead of a single T 4 surface). This convenient representation of the 4D QHE is related to the fact that four-dimensional quaternion numbers may be modeled as pairs of complex numbers a , as H = C 2 . Letting C 2 be a two-dimensional vector space over the complex numbers, a quaternion number takes the form:
where z 1 ≡ x 1 +îp 1 and z 2 ≡ x 2 +îp 2 andî is a pure imaginary complex number. Any quaternion vector in C 2 may be constructed in terms of basis elements 1 andĵ:
a Construction of a quaternion as a pair of complex numbers is a generalization of the construction of a complex number as a pair of real numbers in the complex plane:
where R is the radius of a circle (S 1 ), r 0 , r 1 are real numbers and i is a pure imaginary complex number (i.e.,î 2 = −1). Complex numbers (C ∼ = S 1 ∈ R 2 ) describe the U (1) group, and SU (n + 1) groups are described by quaternion (n = 1,
) and octonion (n = 2, O ∼ = S 7 ∈ R 8 ) numbers. These division algebras are the fundamental structures for QHE 5 in 2D, 4D and 8D -for which precise quantization of Hall conductance is related to the m th Chern class.
Any two vectors can be multiplied using a distributive law by definingĵ 2 = −1 andîĵ = −ĵî, and defining the product iĵ =k leads to quaternion multiplication rules ( Figure 2 ).
Just as numbers that belong to the complex group may be written using Euler's formula: z = |z|eî θ , where θ ∈ [0, 2π] is the single scalar phase angle that parameterizes S 1 ∈ R 2 , quaternion numbers (Eqn. 3) may be described using an extension of Euler's formula: q = |q|eτ θ , wherê τ = cos θ 1î + (sin θ 1 cos θ 2 )ĵ + (sin θ 1 sin θ 2 )k is a pure imaginary quaternion (i.e.,τ 2 = −1), and (θ, θ 1 ) ∈ ([0, π], [0, π]) and θ 2 ∈ [0, 2π] are the three scalar phase angles that parameterize S 3 ∈ R 4 . These parameterizations point towards the only kind of topological defects that can arise in type-II charged BoseEinstein condensates that are characterized by complex (i.e., superconductors) or quaternion orientational order parameters 7, 8 . Specifically, these topological defects are singularities in the order parameter field that belong to the fundamental (first) and third homotopy groups respectively (i.e., π 1 (S 1 ) and π 3 (S 3 )) for which order is lost at the core
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of the topological defect. In the presence of an applied magnetic field above a critical value, as a consequence of the Meissner effect in type-II charged Bose-Einstein condensates, magnetic field is expelled from the bulk Bose-Einstein condensed system and into these magnetic topological defects.
Our primary interest in discussing 4D QHE phenomena is to develop a framework within which to approach a description of topological-order in 4D Bose-Einstein condensates, that are characterized by quaternion order parameters. Just as thin-film complex Bose-Einstein condensates must become topologically-ordered to achieve a phase-coherent ground state, as opposed to the usual Landau mechanism of spontaneous symmetry breaking 3 , 4D quaternion Bose-Einstein condensates must follow a path of topological-ordering towards the orientationally-ordered ground state. In this article, we suggest that the phase diagram of 4D quaternion Bose-Einstein condensates may be reproduced by making use of non-Abelian Yang-Mills topological terms [9] [10] [11] [12] . This is a higher-dimensional analogue to 2D complex JJAs, for which the phase diagram (superconductor/superinsulator quantum phase transition) may be reproduced by mapping the planar JJA onto an Abelian gauge theory with a mixed Chern-Simons topological term 2,3 that describes charge-vortex coupling.
The remainder of this article is organized as follows. 2D quantum Hall effects, that can occur in systems of particles with U (1) symmetry, are reviewed in Section II. Firstly, in Section II A, QHE in 2D electron gases are discussed in order to introduce the relevance of 1 st Chern class topological invariants in 2D topologically-ordered phases. This understanding is then applied to consider an interpretation of dual frustrated superconductor and superinsulator ground states of 2D Josephson junction arrays. 4D QHE, and their relationship to dual frustrated ground states of quaternion Bose-Einstein condensates in 4D, are then introduced in Section III.
II. THEORY OF 2D QUANTIZED HALL EFFECT AND SUPERCONDUCTOR-TO-SUPERINSULATOR TRANSITION IN 2D JOSEPHSON JUNCTION ARRAYS

A. 2D QHE in electron gases
Hall effects (HE) in conductors of electric charge occur in the presence of a transverse applied magnetic field B, such that a Lorentz force is exerted on a current I flowing longitudinally in the conductor. In the HE, the Lorentz force separates charge carriers by their sign (+, −), and this builds up a transverse "Hall voltage" between the conductor's lateral edges. Hall conductance is the longitudinal current divided by this transverse Hall voltage, and is not quantized in "bulk" 3D electron gases.
In contrast to Hall effects that occur in "bulk" 3D electron gases, Hall conductance in two-dimensional electron gases (2DEG) is quantized at low-temperatures by the strength of the imposed perpendicular magnetic field 13 . Precise quantization of Hall conductance in 2DEG, i.e., 2D quantum Hall effects (QHEs), holds regardless of the specifics of the experimental materials. This implies that QHEs have their origins in topological ordering 14 . In particular, Hall conductance in 2DEGs is quantized in integer values of the quantum of electrical Hall conductance:
where e and h are the electronic charge and Planck's constant, and n is the number of electrons transferred between the lateral edges of the conductor by a Hall current 13, 14 . Figure 3 A shows a schematic of quantized Hall resistance (inverse of Hall conductance) in a 2DEG, at lowtemperatures, as a function of applied magnetic field 14, 15 . It is well-known that quantization of plateaus in Hall resistance (R H ) may be interpreted using Chern number topological invariants 13, [16] [17] [18] that belong to the 1 st Chern class. Specifically, n is the average number of electrons transferred between the lateral edges of a conductor by a Hall current. This value is given by the Chern number topological invariant (1 st Chern class), that characterizes the Halleffect system
14 . An elegant interpretation of the quantization of Hall conductance can be made by considering curvature of two-dimensional surfaces 13 . This is accomplished by considering the topology of the Hall-effect Hamiltonian 14 , which depends on two angular parameters H(Θ, Φ) where: Θ is the emf that drives the Hall current, and Φ is related to the ammeter that measures the Hall current 14 . By gauge invariance 13 , the Hall-effect Hamiltonian is periodic in both of these parameters such that the Hamiltonian has the effective topology of a two-dimensional torus (T 2 ). The Gauss-Bonnet-Chern formula (Ref. 20) relates the geometry of Hall-effect eigenstates, parameterized by Θ and Φ, to the torus topology of the Hall-effect Hamiltonian. This enables the definition of the Chern number topological invariant. The Gauss-Bonnet-Chern expression has the form:
The integral is over M = T 2 , a compact surface without a boundary, K is the adiabatic curvature and C 1 is the Chern topological invariant that belongs to the 1 st Chern class. While the left side of Eqn. 5 is geometric, and is therefore not implicitly quantized, the right side is quantized as the integer Chern number topological invariant C 1 .
In order to determine the value of the 1 st Chern class invariant one must consider the closed-loop (i.e., the boundary of the green area in Fig. 3 B) as the boundary of an "inside" area (enclosed by the loop) and as the boundary of an "outside" area (the rest of the surface). Failure of parallel transport is determined by considering the integrals of local curvature over the "inside" and "outside" areas (an angular mismatch, K dA). These two integrals agree up to an integer multiple of 2π, and the Chern number invariant 14, 21 is the difference between them divided by 2π. As the area enclosed by the loop is shrunk to zero, the Chern number invariant becomes the vanishing Euler characteristic of a torus.
Chern numbers are always integer values, because small changes in the Hall-effect Hamiltonian result in only small changes of adiabatic curvature and do not change the Chern number that characterizes the eigenstate. Only large changes in applied magnetic field (large deformations) of the Hamiltonian cause the system to cross over to other eigenstates 14 , changing the Chern number topological invariant. Large deformations that allow the system to change eigenstates cause the system to undergo "level-crossings" that enable transitions between Chern number plateaus (see Fig. 3 A). Chern number topological invariants, that identify a particular eigenstate of the Hall-effect Hamiltonian, actually quantize the average charge transported in the Hall effect in 2DEGs, i.e,. C 1 is n (Eqn. 4).
B. Superconductor/superinsulator quantum phase transition Like 2D quantum Hall effect systems, topological-order is a feature of complex Bose-Einstein condensates 3 that exist in "restricted dimensions" (2D/1D) and that develop as Josephson junction arrays (JJAs) at finite temperatures. It is well-known that, in these scenarios, a phase-coherent superconductor ground state is obtained by a defect-driven Berezinskii-Kosterlitz-Thouless transition rather than by conventional spontaneous symmetry breaking. Relevant topological point defects in these scenarios are magnetic vortices, that belong to the fundamental homotopy group π 1 (S 1 ). By electric-magnetic duality, these topological charges are dual to electrical charges (Cooper pairs) and an Abelian topological Chern-Simons term 2,3 governs chargevortex coupling. Ultimately, this electric-magnetic duality leads to a quantum phase transition between dual phasecoherent superconductor and phase-incoherent superinsulator ground states 2,3 at a self-dual critical point. At the self-dual point, i.e., at the superconductorto-superinsulator quantum phase transition, the dual Berezinskii-Kosterlitz-Thouless transition lines that allow for the existence of the dual phase-coherent and phaseincoherent ground states become entirely suppressed to 0 K. The topological-order in these dual ground states of JJAs, that may be realized in the vicinity of the superconductorto-superinsulator quantum phase transition, have previously been discussed in terms of quantum Hall phases 2, 3 in the presence of either magnetic of charge frustration. Topological-order of dual frustrated ground states of JJAs, described in terms of dual Chern class invariants (1 st Chern class), are reviewed in Sections II B 1 and II B 2. This topological framework for dual topologically-ordered ground states of 2D JJAs is then extended to four-dimensional quaternion Bose-Einstein condensates in Section III.
2D topologically-ordered superconductor
In JJAs, low-temperature phase-coherent superconducting states are obtained by a defect-driven BKT transition of magnetic vortex point defects (π 1 (S 1 )) that interact logarithmically. In the absence of an applied magnetic field, concentrations of magnetic vortices with opposite signs are equal and all topological defects form bound pairs at T BKT < T BEC . The ground state is a perfectly topologically-ordered phase-coherent superconductor, that is free of topological defects because all low-energy bound pairs come together and annihilate on approaching 0 K. By considering that the JJA is fabricated with superconducting islands situated on a square planar lattice 3 , and by imposing doubly periodic boundary conditions on the lattice, the system acquires torus topology. The ground state of the un-frustrated topologically-ordered superconductor, that forms by a perfect defect-driven BKT transition, can be characterized trivial Chern number (1 st Chern class). The presence of a transverse magnetic field biases the concentrations of topological magnetic point defects towards those of a single sign 22, 23 . This suppresses the BKT transition, and the superconducting ground state now consist of a periodic configuration of magnetic vortices in the scalar phase angles across the phase-coherent JJA. As a result, by tuning an external parameter (magnetic field strength) superconductivity can be destroyed entirely as frustration-induced magnetic vortices that persist to the ground state begin to overlap (at the self-dual critical point). This superconductor-to-superinsulator quantum phase transition, at critical magnetic frustration, has been observed experimentally 2,24-26 in 2D JJAs near 0 K. The degree of magnetic frustration is measured via the periodicity of the frustration-induced magnetic defects that persist to the ground state of the JJA 22 , in the presence of a transverse applied magnetic field. Specifically, in the presence of a transverse magnetic field, signed magnetic point defects form a periodic ground state with the unit cell q × q where q is a count of the number of JJA plaquettes. Because of the periodicity of frustration-induced topological defects in the ground state, magnetically frustrated 2D superconductors can be viewed as topologically-ordered quantum Hall states 2 (that expels magnetic flux), classified by a non-zero Chern class topological invariant (1 st Chern class). Figure 4 A depicts a magnetically frustrated 2D superconducting ground state, with torus topology 3 , that has a non-trivial 1 st Chern class topological invariant that applies globally.
2D topologically-ordered superinsulator
As a consequence of electric-magnetic duality, JJAs that form in the range of dominant kinetic energy (of O(2) quantum rotor models) can be described in terms of a lattice of signed magnetic vortices 2 (within each plaquette) -instead of electrically charged superconducting islands. In this dual limit that can be realized in two-dimensions, logarithmic interactions are realized between electrical charges within a real 2D Coulomb gas (of Cooper pairs). It follows that a dual Berezinskii-Kosterlitz-Thouless transition should occur at a critical finite temperature 27 . In the absence of charge frustration, a phase-incoherent ordered ground state forms at low-enough temperatures for which all condensed charged particles (Cooper pairs) become thermally pinned as charge-less dipoles within separate islands 27, 28 . Such a ground state is free of frustration-induced charge excitations and (hence) has a trivial "dual" Chern invariant (1 st
Chern class).
Uniform charge frustration induces a background of elementary charge excitations that are free of dipole confinement 25 . These frustration-induced charge excitations form a periodic arrangement that is dual to the frustrationinduced vortices in superconducting ground states in the presence of a transverse magnetic field 29 . Figure is generated by the periodicity of superconducting islands 3 . Unfrustrated topologically-ordered superconducting ground states identify with a trivial Chern number topological invariant, and non-zero Chern numbers identify the degree of magnetic frustration in the vicinity of the superconductor-to-superinsulator transition. (B) By duality, topological-order in 2D superinsulating (phase-incoherent) ground states of JJAs may be understood within the 1 st Chern class by imposing torus topology that is generated by the periodicity of signed magnetic vortices (in plaquettes). In this dual limit, Chern number topological invariants characterize the degree of charge frustration 3 .
picts a superinsulating ground state of a JJA, for which the periodicity of magnetic point defects in plaquettes generates torus topology. The degree of uniform charge frustration is measured as a non-trivial Chern class invariant (1 st Chern class). The case of charge-frustration shown in Figure 4 B is dual to the magnetically-frustrated case (Figure 4 A) .
At a critical value of charge frustration, i.e., at the quantum (self-dual) critical point, all condensed particles are liberated from charge-less dipoles and the low-temperature state is no longer one of superinsulation. Likewise, in the range of dominant potential energy of the O(2) quantum rotor model, increasing magnetic frustration towards a critical value (by duality, Section II B 1) skews the concentrations of magnetic point defects entirely towards those of a single sign in order to accommodate the applied transverse magnetic field 22, 23 . Figure below T BEC , in the presence of magnetic or charge frustration. In these scenarios of magnetic and charge frustration, in the vicinity of the "self-dual" critical point, excess signed charge excitations (topological magnetic or electronic) persist to the ground state as a periodic arrangement 29 . At the "self-dual" critical point, the plasmas of magnetic point defects and Cooper pairs that form at temperatures just below T BEC are entirely skewed towards excitations of a single sign. At this point, no bound pairs of charge excitations can form such that the ground state is neither one of superconductivity nor one of superinsulation. , the boundary can be taken as either an "inner" or "outer" hyper-volume; the difference between the two hyper-volumes ("inner" and "outer"), divided by 4π
2 , is the value of the 2 nd Chern class topological invariant. In these systems, a duality is realized between magnetic vortices (misorientational fluctuations, topological charges) and Cooper pairs (electrical charges) that leads to the manifestation of dual phase-coherent (superconductor) and phase-incoherent (superinsulator) ground states. These dual ground states are separated by a quantum critical point, that is the end-point of the dual BKT transition lines. (B) Quaternion ordered systems that exist in 4D/3D are considered to exist in "restricted dimensions." These ordered systems must undercool below TBEC. Orientationally-ordered and orientationally-disordered ground states are anticipated on either side of a quantum phase transition, at a "self-dual" quantum critical point, as a consequence of a duality that is exhibited between third homotopy group topological point defects and condensed particle charges. In application to solidification 8 , this "self-dual" critical point has previously been identified as the Kauzmann point 30,31 that occurs at finite temperatures and marks an "ideal glass transition."
III. 4D QHE AND QUANTUM CRITICAL POINT ("SELF-DUAL") IN 4D BOSE-EINSTEIN CONDENSATES
A generalization of 2D quantum Hall effects, that can occur in 2D systems of electron particles with U (1) symmetry (Section II), has been made 1,4,5 to four-dimensional systems where particles have SU (2) symmetry. The 2 nd Chern class topological invariants are relevant in these scenarios (see Fig. 1 ). A generalized Gauss-Bonnet-Chern formula 20, 32 , that applies in these scenarios, extends Eqn. 5 to compact four-dimensional surfaces (M):
where P f (M) is the Pfaffian curvature of M, and C 2 is the Chern class topological invariant (2 nd Chern class). The 2 nd Chern class topological invariants are identified by considering the failure of parallel transport on four-dimensional surfaces, for which a hyperspherical boundary on T 4 (Fig. 6 ) takes the place of the small closed-circuit loop on T 2 (Fig. 3  B) . Just like in the case of 1 st Chern class topological invariants, this hyperspherical boundary can be taken as either: enclosing an "inside" hypervolume or, defining an "outside" hypervolume that accounts for the rest of the surface M. The difference in the two integrals of local curvature (Eqn. 6, "inside" and "outside") must agree up to an integer multiple of 4π 2 , and the difference between them divided by 4π 2 is the 2 nd Chern class invariant.
Just like 4D QHE phenomena, in systems of particles with SU (2) symmetry, Bose-Einstein condensates that are characterized by a quaternion order parameter and that exist in four-dimensions are topologically-ordered at lowtemperatures. This is a consequence of the fact that quaternion numbers form a four-dimensional compact Lie group, for which a given quaternion number is characterized by three separate scalar phase angle parameters. Thus, quaternion Bose-Einstein condensates allow for the existence of third homotopy group topological defects that play the role of magnetic vortices in superconductors. Third homotopy group topological defects behave as points in fourdimensions and, such quaternion ordered systems that exist in four-or three-dimensions are unable to undergo a conventional disorder-order transition at finite temperatures. Just like ordered systems that exhibit a continuous symmetry and that exist in 2D and 1D (Mermin-Wagner), these systems will follow an alternative path of topological ordering towards the orientationally-ordered ground state that is defect-driven.
Four-dimensional quaternion ordered systems are higherdimensional generalization of thin-film complex Josephson junction arrays 8, 33 . Just as dual phase-coherent and phase-incoherent ground states of 2D JJAs may be obtained, by dual Berezinskii-Kosterlitz-Thouless transitions (Figure 7 A) , a transition between orientationally-ordered and orientationally-disordered ground states of 4D quaternion ordered systems is anticipated at a self-dual critical point (Figure 7 B) . This is a consequence of a duality that is realized between condensed particles and third homotopy group topological point defects. The dual frustrated ground states, that can develop at low-enough temperatures on either side of a quantum (self-dual) critical point, are discussed in Sections III A and III B in terms of 4D quantum Hall phases.
A. 4D topologically-ordered "superconductor"
In four-dimensional quaternion Bose-Einstein condensates, orientationally-ordered ground states may develop at finite temperatures via a defect-driven BerezinskiiKosterlitz-Thouless transition of third homotopy group topological point defects. In the absence of "magnetic" frustration, the plasma of third homotopy group topological defects that develops is perfectly balanced such that a perfect defect-driven BKT transition is anticipated at T defect-BKT < T BEC . Such an orientationally-ordered ground state is defect-free (unfrustrated), as all low-energy bound topological defect pairs will come together and annihilate as the temperature is lowered towards 0 K. In order to consider this low-temperature ordered system as a 4D quantum Hall phase, it is necessary to impose periodic boundary conditions on the four-dimensional lattice of quaternion ordered "islands." In this way, the system acquires the topology of a four-dimensional torus (T 4 ). Perfectly orientationally-ordered ground states, i.e., in the absence of "magnetic" frustration, are then identified by a vanishing Chern invariant (2 nd Chern class). Uniform "magnetic" frustration biases the plasma of third homotopy group topological defects (misorientational fluctuations) towards those of a single sign, which suppresses the defect-driven BKT transition temperature. Ultimately, with a critical amount of frustration, the topological-ordering transition towards an orientationallyordered ground state is entirely suppressed to 0 K at a "self-dual" critical point. Excess signed third homotopy group topological point defects are unable to form bound pairs, and are forced into the orientationally-ordered ground state as a periodic arrangement. This is a higherdimensional analogue to the frustration-induced magnetic vortices that persist to phase-coherent ground states of 2D JJAs, in the presence of an applied transverse magnetic field 22 (Abrikosov flux lattice). While in the absence of "magnetic" frustration the ground state has a vanishing Chern number invariant, frustrated topologically-ordered ground states are characterized by non-trivial Chern number invariants. This can be seen directly by mapping the periodicity of frustration-induced third homotopy group topological point defects onto the representation of the orientationally-ordered ground state as a four-dimensional torus T 4 . This is analogous to the magnetically-frustrated ground state of a 2D JJA, shown in Figure 4 A. The limit of critical "magnetic" frustration corresponds to the "self-dual" critical point at which the concentrations of third homotopy group point defects are entirely biassed towards those of a single sign, and signed defect cores begin to overlap in the ground state.
At this self-dual critical point, the orientationally-ordered low-temperature ground state is entirely suppressed. With critical frustration, the system may be identified with the largest possible 2 nd Chern class invariant.
B. 4D topologically-ordered "superinsulator"
As a consequence of a duality between third homotopy group point defects and condensed particles that is realized for quaternion ordered systems in four-dimensions, in the limit of small coupling between quaternion ordered islands, an orientationally-disordered ground state can be obtained. This ground states is described in terms of a fourdimensional lattice of signed third homotopy group defects -instead of as a lattice of charged particles on quaternion ordered islands. Such an orientationally-disordered ground state may be realized via a dual Berezinskii-KosterlitzThouless transition within a gas of Cooper pair-like charges, in analogue to the formation of a "superinsulating" ground state of JJAs in 2D/1D.
In the absence of interaction energy between neighboring ordered "islands," a maximally orientationally-disordered ground state is achieved that is not frustrated in that all Cooper pairs form charge-less dipoles at the dual-BKT transition temperature. Such an unfrustrated orientationallydisordered ground state is characterized by a trivial "dual" Chern number topological invariant (2 nd Chern class). Incorporation of uniform interaction energy throughout the system leads to uniform frustration of orientationallydisordered ground states, by allowing for a periodic arrangement of aligned charge excitations to persist to 0 K. Uniform frustration in orientationally-disordered ground states is measured by a non-trivial "dual" Chern number belonging to the 2 nd Chern class.
IV. SUMMARY AND DISCUSSION
In this article, we have applied the generalization of quantum Hall effects from 2D to 4D in order to consider topological-ordering phenomena in quaternion BoseEinstein condensates that exist in "restricted dimensions" (i.e., 4D/3D). In charged Bose-Einstein condensates, relevant applied magnetic fields are pushed into first (complex) and third (quaternion) homotopy group topological defects -for which the defect core is in the "normal" state. For charged Bose-Einstein condensates that exist in "restricted dimensions," these magnetic defects are spontaneously generated at finite temperatures and prevent spontaneous symmetry breaking (Mermin-Wagner).
In these scenarios of Bose-Einstein condensation in "restricted dimensions," electric-magnetic duality leads to a quantum phase transition at a "self-dual" critical point between phase-coherent (superconductor) and phaseincoherent (superinsulator) ground states. These dual ground states are obtained by dual Berezinskii-KosterlitzThouless topological ordering transitions (of magnetic point defects and of Cooper pair charges). The dual BKT transition lines meet at the "self-dual" critical point, which marks the quantum phase transition between dual ground states.
Four-dimensional quaternion Bose-Einstein condensates are a direct higher-dimensional analogue to thin-film complex Josephson junction arrays. The Hamiltonians that describe these complex and quaternion ordered systems, that exist in "restricted-dimensions," map directly to 2D (complex) and 4D (quaternion) torus topology by the imposition of doubly and quadruply periodic boundary conditions. This enables the identification of frustrated dual ground states, on either side of the "self-dual" critical point, in terms of global topological invariants that belong to the 1 st Chern class (complex) or 2 st Chern class (quaternion). Notably, the authors have previously applied this framework for topological ordering -based on a quaternion orientational order parameter -to consider the formation of crystalline and glassy solid states from undercooled fluids (Ref. 8) . However, in these 3D solid state systems (uncharged), the focus has mainly surrounded the topologicalordering of disclination line defects (rotational) into dislocations (translational) -instead of the topological-ordering of third homotopy group defects. This common approach has proven attractive because line defects are apparent in the solid state, while third homotopy group defects are not. In the solid state, geometrical frustration (instead of magnetic frustration) has been utilized as the non-thermal tuning parameter that drives the system towards a "self-dual" critical point. This critical point has been previously introduced by the authors, in application to the solid state, as the Kauzmann point that occurs at finite temperatures and marks an "ideal glass transition" (crystalline-to-glass transition). 
